1. Introduction. Let G be a torsion-free group, N a central subgroup of G such that the quotient group G/N is torsion-free. D. Passman proved in [1] that if R is a field of characteristic zero then the group ring RG contains no zero divisors provided that R(G/N) contains none.
Our goal is to establish the truth of this result for a field of arbitrary characteristic. This will follow from the Corollary of the following theorem. Theorem 1. Let G be a group, N be a central torsion-free subgroup of G and let R be an arbitrary field. Assume that R(G/N) contains no nilpotent elements. Then R(G) also does not contain any nilpotent elements.
When G is torsion-free it is known that RG is a (noncommutative) domain if it contains no nilpotent elements (see [2, 13.1] ). We obtain thus the following Corollary of Theorem 1.
Corollary.
Let G be a torsion free group, N be a central subgroup of G. Assume that R(G/N) contains no nilpotent elements. Then RG is a domain.
It is worth remarking that neither in Theorem 1 nor in the Corollary do we assume that G/N is a torsion-free group.
Preliminaries.
Lemma 1. Let H be a torsion-free abelian group and let hx, h» . . ., hn be nonunit elements of 77. Then there exists a homomorphism <p of 77 into the additive group (Q, +) of rationals such that <p(hj) ^0 (/ = 1, 2, . . ., «).
Proof. The group 77 can be embedded in a complete abelian group V, which can be considered as a vector space over rationals. Thus, it is enough to prove that there exists a linear functional on V which does not vanish on given nonzero elements hx, h2, . . ., hn. When F is a fimte-dimensional vector space over a field of zero characteristic this is a well-known fact from linear algebra (see [3, §3.5, Exercise 14]); the infinite-dimensional case is easily reduced to the finite-dimensional one.
We need the concept of discrimination by a family of groups (see [4] ):
A family G, (i G 7) of groups discriminates a group G if for every set gx, g2, . . . ,g" of nontrivial elements of G there exists an i G 7 and a homomorphism f of G into G¡ such thatf(gk) ¥= l(k= 1,2, . . .,n).
Using the concept of discrimination we can formulate Lemma 1 in the following way:
Let H be a torsion-free abelian group. Then 77 can be discriminated by subgroups of the additive group of rationals.
The following fact is well known (and can be verified easily).
Lemma 2. Let G be discriminated by a family of groups G¡ (i G 7). Then the group ring RG is a subdirect sum of group rings RG¡ (i G 7). Lemma 3. Let G be a group and N be a central subgroup of G. Assume that N is discriminated by a family of groups N¡ (i G 7). Then G is discriminated by a family of groups G, (i G 7) such that for any i G 7, G¡ contains a central subgroup Ñ¡ at N¡ and G,/Ñt at G/N. The proof is immediate.
3. Proof of Theorem 1. Without loss of generality we can assume that N is locally cyclic. Indeed, Lemmas 1 and 3 show that G is discriminated by a family of groups G, (i G 7), such that everyone of them contains a central locally cyclic torsion-free subgroup N¡ and G¡/N¡ at G/N; Lemma 2 now implies that RG is a subdirect sum of group rings RG¡ (i G 7). Clearly, if any RG¡ (i G 7) contains no nilpotent element, then RG also does not contain any nilpotent elements.
Assume therefore that G contains a locally cyclic torsion-free group N such that R(G/N) contains no nilpotent elements, but there exists 0 =£x G RG such that x2 = 0.
Let g, (j G J) be a transversal of N in G and *= 2 \gj, 0¥=Xj<=RN (/G/,),
jeJ, where 7, is a finite subset of J. Let F be an infinite cyclic subgroup of N such that RF contains all the elements A, (j G 7,) in (2) and let /" (a G U) be a transversal of F in N. Clearly, fagj (a G U,j G 7) is a transversal of F in G.
Since F is infinite cyclic, the augmentation ideal w(RF) is principal generated by the element (/ -1), and D T-o (/ -lTRF = 0. Then, if (/ -1)*, k > 0, is the maximal power of (/ -1) which divides in RF all the elements A, (J G /,) in (2), we can write
x-(/-!)**"
where xx = 2 m ^RG' o+v-jeRF U g /i).
ye/, and there exists at least one/0 such that pj £ w(7<F). The relation w(RN) n TiF = w(RF) implies then that pJo g w(RN). The relation x2 = 0 now gives, via the fact that (/ -1) is central, (7-l)2**2 = 0.
It is well known that the element (/ -1) is not a zero divisor in RG if / has an infinite order. We obtain therefore from (5) x\ = 0.
Let X be the image of a subset X Q G under the natural homomorphism G -♦ G/N. Since p¡ G w(RN) we obtain that 5. ^ Ö. On the other hand, the elements g} (j G Jx) belong to different cosets in G/N. Hence the element 3c, = 2;eyt pjgj is a nonzero element in the group ring RG. We have also x\ = Ö,
which contradicts the assumption that R(G/N) has no nilpotent elements. □
